A new connected kernel formalism is proposed for multichannel nuclear reactions. The basic set of equations is derived from a set of Lippmann-Schwinger equations by transforming all divergent disconnected subseries into rearrangement channel components inductively. This set of equations determines the wave function in such a way that the system is resonating among all possible groupings of the constituent nucleons just as in the resonating group theory. In the approximation where only two-body channels are retained, our connected kernel equations are exactly the same as the conventional coupled-channel equations. § l. Introduction Phenomenological treatments of direct nuclear reactions have been mostly based on the coupled-channel method.ll,,J This method has provided many powerful approximation schemes, such as the distorted-wave approximations,") for analyzing observed experimental data. The theoretical foundation of the method, however, has not yet been established.
Phenomenological treatments of direct nuclear reactions have been mostly based on the coupled-channel method.ll,,J This method has provided many powerful approximation schemes, such as the distorted-wave approximations,") for analyzing observed experimental data. The theoretical foundation of the method, however, has not yet been established.
At first sight, the coupled-channel method seems to be free from the difficulties owing to the disconnected diagrams, 3 J~7l which are inherent in problems containing rearrangement processes. It must be noted, however, that the method is formulated in the subspace consisting only of two-body channels and the many-body part of the wave function, from which the difficulties are originated, is always truncated. If one tries to maintain the entire many-body degrees of freedom, the disconnected difficulties arise instantly. The absence of the disconnected difficulties is only superficial and the consistency of the method is still under suspicion even at the basic level.
For this reason, several attempts 8 J~JoJ have been made to formulate the coupledchannel method by using a variety of connected kernel approaches. These attempts overcome the disconnected difficulties and provide rigorous many-body treatments of nuclear reactions. In any approximation, however, coupled-channel equations obtained in these attempts do not agree with the conventional ones.SJ~w In other words, the theories believed to be exact always provide prescriptions which differ from the one used in the conventional method. It seems that the above fact gives rise to some doubt on the conventional coupled-channel method. On the other hand, in principle, there must be many connected kernel approaches which have never yet been formulated. The questions
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that naturally arise at this stage are whether a connected kernel formalism does exist for justifying the conventional method and how from the connected kernel formalism, if any, the conventional coupled-channel equations can be reconstructed. The purpose of the present paper is to answer these questions.
A new connected kernel formalism, which is intimately related to the conventional method, is proposed. Let us consider a many-particle scattering system described by the Lippmann-Schwinger (LS) equation. One of the disadvantages of the LS formalism is that the solution of the equation is not determined uniquely.
To avoid this difficulty, we start our derivation with a set of LS equations suggested by Takeuchi 121 and Glockle. 131 Then by mathematical induction we eliminate all the disconnected diagrams from this set. The resulting connected kernel equations, in contrast to other connected kernel equations so far obtained, exactly yield the conventionel coupled-channel equations by simply neglecting the presence of breakup channels. In this way we obtain the conventional coupled-channel equations in a mathematically consistent framework of the many-body scattering theory.
In the next section, we explain the notations used throughout this paper and review the difficulties of the LS equation. In the subsequent section, § 3, the derivation of connected kernel equations is given. Some essential properties of our equations are also discussed. The results of this paper are summarized in § 4. § 2. Preliminaries
Notations
Let us consider a system of 1V nucleons which interact only through two-body potentials. The N-nucleon system may be decomposed into m clusters (2<m<N). These modes of decomposition will be referred to as partitions and specified by am, bn" em, · ... There is only one N-cluster partition eN and will be labeled by 0.
If a partition en is obtained from another partition em by further partitioning some of the clusters in em, we denotecnCcm (forthecasen=m,cnCcm means cn=cm).
Hereafter we will identify the term "partition" with the term "(rearrangement) channel" for convenience.
Since an (N -1) -body channel consists of 1V-2 free nucleons and one bound pair, a label cN-I uniquely specifies a pair of nucleons. Thus it can be used for labeling two-body potentials. Then the total Hamiltonian of the system can be expressed as
where H 0 is the kinetic energy operator of the system (which is defined in the N-body c.m. frame) and V is the total interaction energy. VcN-1 is a potential between nucleons in a pair specified by cN-I· For each channel em the total interaction V is divided into two parts: 
CN-1
In the above we have introduced the notations (2·4)
In accordance with the decomposition (2 · 2), the total Hamiltonian IS split as follows:
where H,, = Ho + V,"' is the channel Hamiltonian for the channel c m· For later convenience, we introduce the Green's function for the channel Cm:
where E is the total energy of the full N-nucleon system and the small positive number c will be taken to zero in the final result.
In the asymptotic region of the channel Cm, the system Is described by the channel 
Difficulties in the many-body Lippmann-Schwinger equation
In this subsection, we briefly review the well-known difficulties of the manybody LS equations in a manner to facilitate our derivation of connected kernel equations in § 3. If we try to use it alone for determining the solution, however, we are compelled to fail because of the presence of disconnected diagrams in its kernel. In the following, we will sketch how the disconnected diagrams cause this trouble. We now examine the asymptotic behavior of the solution 1J!, determined by Eq. (2 · 8). It is well known that outgoing waves for various channels are entirely governed by singularities of the wave function in its momentum space representation141' 151 and corresponding scattering amplitudes are given as the residues of these singularities.16l This means that the scattering amplitude Tc.,v for the transition from the initial channel j) to an n-body channel c n is given by Tc.,,=lim ic((/)c.l1f!,).
(2·9) We call such a singularity as the primary singularity for the channel en-In this sense the kernel of Eq. (2 · 8) has the primary singularities for the channels Cm (Cv) and the outgoing waves for these channels are completely described by the single LS equation (2· 8). For the channels of the type c. (:$v), however, this is no longer the case. In order to make the situation clear, we split the LS kernel into its connected and disconnected parts. For this purpose, we use the cluster decomposition formula for Green's functions introduced by Weinberg. 3 > Consider the diagrams associated with the perturbation series for Gc.,:
where Go= (E+ic-H0) -1 = (E+ic-HcN) -J=GcN is the Green's function for the N-body breakup channel 0 (=eN). If we regard particle lines linked by two-body interactions as a bound cluster, N particle lines in each diagram are grouped into a certain number n of clusters (m<n<N) and can be specified by a partition label c. such that c.Ccm. Then we say that the diagram has c, connectivity' 71 (see Fig. 1 ). If we define Gg. to be the sum of all diagrams having c. connectivity (see Fig. 2 ), G,, will be decomposed as follows:
where G~N=G,N=Go must be noted. Applying this to G, 111 Eq. (2·8), we have Since G.c has the two-body connectivity v and any interaction in V" will connect the two clusters in v, the kernel of the second term of Eq. (2·12) is completely connected. On the other hand, there is a variety of disconnected diagrams in the kernel of the last term.
In the determination of the asymptotic behavior of the solution, the role of the completely connected kernel is to generate the outgoing waves only for the channels of the type Cm (Cv). Thus the term having the disconnected kernel, i.e., the last term of Eq. (2 ·12), is supposed to yield the outgoing waves for the remaining channels Cn (~v). Actually there is room to give additional asymptotic waves for these channels because of the disconnected character of the kernel, although the kernel of this term does not possess the corresponding singularity structure. More precisely, the primary singularities needed to specify the boundary conditions for the channels of the type Cn (~v) can be created by infinite repetitions of the disconnected kernel if wanted at any cost. Unfortunately these disconnected subseries will become divergent. 4 >, 7 > Therefore, the kernel of the single LS equation (2 · 8) has nothing to do with the specification of the boundary conditions except for the channels Cm (Cv) and fails to determine the solution P". uniquely.
In the conventional coupled-channel method, it is assumed that the wave function of the system has the resonating group structure, 18 > and is well represented as the sum of various channel wave function components. In the LS formalism, however, the notion of resonating group is not so clear, because only one specific two-body channel is explicitly displayed and the others are hidden in the divergent disconnected subseries.
Thus the elimination of the disconnected diagrams is motivated by the following two requirements. One is that we must obtain a perturbation scheme without containing disconnected subseries, which are known to diverge.<>· 7 ' (Of course, the elimination of the disconnected diagrams is not sufficient for the convergence of perturbation series, but is necessary.) The other is that we wish to bring the notion of resonating group, which is introduced from a purely physical point of view, into formal theoretical treatment of nuclear reactions. § 3. A connected kernel formalism*>
1. Derivation of connected kernel equations
We start our derivation with the following set of LS equations:
(3·1a) *' The derivation for the simplest case, N=3, is given in Ref. 19 ). The LS equations for lower hierarchy IJI, =Gem ycmiJI,, for all Cm (m>3) ( 3· 2) can be obtained from the equations in (3 · 1a) and are not independent of them. The ambiguity involved in the solution of the single LS equation (2 · 8) is removed by the condition that the solution should satisfy the set (3 ·1a) simultaneously. !2l, 13 > In this sense, the set of equations (3 ·1a) is sufficient to determine the solution uniquely. That is, each LS equation in the set has its own deficiency arising from its disconnected kernel, but is compensated by the others. The situation is rather cumbersome than usual. Thus, in the following, we will eliminate the disconnected kernels from the equations in (3 ·1a).
Applying the cluster decomposition formula (2 · 11) to G, in Eq. The connected part of IJI, (including the incident wave) has as many pnmary singularities as the channels of the type cm(Cw), and is decomposed as follows:
N o"',r/J,+G"'cV"'IJI,=o"',IJI,(G"'-I: I: o(cmCw)G~J V"'IJI,=¢wX.,+Oc"'l. (3·3)
m=3 Cm
In the above, the two-body channel w component <jJ,X, and the remainder ocw> 
nm s as (3 ·12) In order to make the proof selfcontained, here we briefly recall his basic ideas. The former is the number of k-cluster partition which is obtainable from c, by grouping the m clusters of em into k groups. This is obviously independent of the particular em and depends only on k and m. Thus the symbol nm c<> can be used. Next we consider the latter quantity. This may be rewritten as
For the case cN_ 1 ffJm, the two nucleons in the pair cN-1 are distributed among different two clusters of Cnz. To satisfy cN_ 1 Ccko they must be combined. Then we have an (m-1)-cluster partition Cm-t· The number of ways that the m-1 clusters of Cm-1 are grouped into k clusters is n;::~1 • Thus we have
For the case cN_ 1 Ccm, the restriction cN_ 1 Cc., in the sum has no effect and we have simply ,L;1J(cN_ 1 Cck)o(cmCck)=n~~l-n;::l=O, for cN_1Ccnz.
c,.
Unifying the above results we find Eq. (3 ·12)
Now we prove Eq. 
Cm. n=m+l C11
Since n>m, it is presumed by the induction hypothesis that the last bracket on the right-hand side of the equation can be replaced by W.. Thus If we put m = 2 in Eq. (3 ·10), we obtain Eq. (3 · 7) . Thus the scattering wave function has been constructed only from the terms having the connected kernels and all the disconnected terms have been transformed into the sum of the terms with the connected kernels as follows:
as is expected from Eqs. (3 · 6) and (3 · 7) . It is interesting to note that though the expression (3 · 7) seems to be an expansion of the wave function in terms of overcomplete and nonorthogonal basis states, no overcounting occurs diagrammatically. Substituting Eqs. (3·7) and (3·14) into Eqs. (3·4a) and (3·4b), we have the following set of equations: (3 ·15b)) will be connected after one iteration as easily seen. These are the fundamental equations of our connected kernel formalism.
2. Physical implication of the equations
In the preceding subsection we have summed up all the divergent disconnected subseries so that the wave function is naturally split into the two-body channel components and the remaining many-body part 0. Consider the situation where the effects of breakup channels are ignored. In this case our connected kernel equations exactly reduce to the conventional coupled-channel equations. This nice feature is quite different from those of other connected kernel equations which force us to use entirely new prescriptions even for the processes containing only two-body channels.sJ~w Thus the conventional coupled-channel method is now proved to be a truncated theory of a mathematically reliable many-body scattering theory. § 4. Summary
In this paper we have proposed a new connected kernel formalism. The fundamental set of equations is derived from the set of LS equations by transforming all the divergent disconnected subseries into rearrangement channel components. This is done by induction. The equations obtained by this procedure have the following remarkable properties:
(1) The kernel of the equations will be connected after a single iteration. Therefore the troubles arising from the disconnected diagrams are completely solved.
(2) The equations are written down for the wave function. As the result, the resonating group structure of the wave function, which is an assumption in the conventional method, is automatically determined by the pnmary singularity structure of the connected kernels.
(3) By this formalism, in principle, corrections due to the presence of breakup channels can consistently be included in the ordinary coupled-channel calculations without changing the equations for two-body channels.
Our connected kernel formalism is not only formally exact but also includes the phenomenological methods proved to be successful in practical applications.
Thus the meaning and the applicability of various approximation, which have been exclusively supported by phenomenological success, can hopefully be investigated on the basis of the present formalism.
